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Abstract. Let A be a finite sequence of n vectors from a vector space over 
any field. We consider the subspace of Sym(y) spanned by n„gs v, where S 
is a subsequence of A. A result of Orlik and Terao provides a doubly indexed 
direct sum decomposition of this space. The main theorem is that the resulting 
Hilbert series is the Tutte polynomial evaluation T(A; 1 + x,y). Results of 
Ardila and Postnikov, Orlik and Terao, Terao, and Wagner are obtained as 
corollaries. 



1. Introduction and Statement of the Theorem 

Let y be a vector space of dimension £ over a field K of arbitrary characteristic. 
Let A — {ai, . . . , an) be a sequence of elements spanning V* , the dual space of V. 
We allow the possibility that some of ai are the zero form, and for some a^'s to 
differ by scalars. This is to say, A is a realization of a rank £ matroid M(A) on 
ground set E = {1,2,. We assume that the reader is familiar with the basics 
of matroids and their Tutte polynomials (see [6l I17j). 

Denote the symmetric algebra of V* by Sym(y*), which is thought of as the 
if-algebra of polynomial functions on V. Let P{A) be the if-subspace of Sym{V*) 
spanned by as — Yli^gai, where S C E. Let P{A)j_k be the if -span of those 
products as where {ai : i G E — S} spans a j-dimensional subspace of V* and k — 
\E — S\. It follows from a result of Orlik and Terao (see [T2l[T5] and Proposition l2.2p 
that there is a if- vector space decomposition 

(1) ^'(A)= P(A),,,. 

0<j<fc<n 

The main result of this paper is the following. 
Theorem 1.1. The Tutte polynomial of M{ A) is equal to 

J2 (a:-l)^-V"^"dimP(A),-fe. 

0<j<k<n 

This result was anticipated in the work of many authors. Following a sug- 
gestion of Aomoto, in [T^] Orlik and Terao considered a vector space related to 
P(A). They studied an algebra whose underlying if- vector space was isomorphic 
to ®"=o -P(A)j j - I'^ [IS! I Wagner considered an algebra whose underlying if -vector 
space was isomorphic to i'(A). In [5] Ardila and Postnikov investigate the spaces 
P(A) and ®)!^o Pi^)i,k from the point of view of power ideals. Other spaces re- 
lated to P(A) were studied in [H 111 [71 HH [131 Hi] and [H]. There is also a vast 
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literature on box splines and their relationship to -P(A) and its subspaces. In this 
area, Dahmen and Miccelli were considering related objects as early as 1983. A col- 
lection of relevant references to this area can be found in De Concini and Procesi 

m- 

It is worth noting that not all algebraic invariants of a matroid or vector con- 
figuration are specializations of the Tutte polynomial, and hence are not related to 
P(A). Two particular objects of interest to the author are the Whitney algebra 
of a matroid, defined by Crapo, Rota and Schmitt in 9J and the smallest general 
linear group representation containing a fixed decomposable tensor [5] . 

This paper is organized as follows: We start by setting up some notation and 
compute an example in Section [21 In Section [3] we list some corollaries of Theo- 
rem 11.11 Section 2] gives a proof of a formula, due to Terao , for the Hilbert 
series of the algebra generated by the reciprocals of linear forms. The benefit of this 
proof is that it works over an arbitrary field K, whereas Terao assumed that the 
characteristic of K was zero. In Section [5] the following question is answered: For 
what d does P{A) contain Sym'^{V*)7 In SectionlHlwe give the deletion-contraction 
proof of Theorem ll.il while in Section [7] we give a short prove of the theorem using 
the seemingly weaker result stated in Corollary [321 

2. An Example 

Before proceeding, we state a refinement of the decomposition ([1]), due to Orlik 
and Terao fT^ , and use this to give an example of Thcorem ll.il To do this we recall 
some notation. For a subset S C E, the dimension of the K-span of {ai : i G 5} is 
called its rank (in Af(A)) and denoted r{S). A set S C E is said to be independent 
(in M(A)) if r{S) = \S\ and dependent if r{S) < \S\. A flat of A is a. set X C E 
such that for all strict containments X C Y, r{X) < r{Y). The collection of flats 
of A, L{A), is a geometric lattice where the rank of X is r{X). The closure or span 
of a subset of E is the smallest flat containing it. 

For X G L{A), let P{A)x be the subspace of P{A) spanned by those as where 
E — S has closure X. 

Remark 2.1. When A docs not contain the zero form, it is possible to avoid the 
somewhat backwards definition of P{A)x by noting that P{A)x is isomorphic to 
the vector space spanned by the rational functions I /as where the closure of S is 
equal to X. This topic will be discussed further in Section [H 

Proposition 2.2 (Orlik- Terao [121 Lemma 3.2]). There is a K-vector space direct 
sum decomposition 

P(A)= P{A)x. 

XeL(A) 

Since P{A) is spanned by homogeneous elements this sum may be refined by 
degree. Denote the degree n — k subspace of P{A)x by P{A)x.k- There is a 
if -vector space direct sum decomposition, 

P(A)= P{A)x,k. 

XeL{A) 
k>0 

The decomposition ([T]) is obtained from the one above by taking the ranks of the 
flats of M(A). Note that, by deflnition, if PiA)x,k then r{X) < fc < |A:|. 
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Example 2.3. Let K — ¥2 he the field with two elements and A — {ai, . . . , ay) 
be the seven nonzero elements of the dual of = Ff. The matroid A/(A) is known 
as the Fano matroid and it is the rank three matroid whose circuits of size three 
are the three point lines of the Figure [T] 



5^ ^7 



Figure 1. The Fano matroid. 

We will compute T(A; 1 + x,y) by finding dim P{A)x.k for all flats X and all k 
such that r{X) < k < \X\. 

See that P(A)0 o is spanned by one nonzero element as = 01=1 ^^'^ hence 
has dimension one. The rank one flats of A are in bijection with the elements of A. 
Hence P(A){j} ^ is spanned by the single element asjai and dimP(A){ji, 1 = 1. 

There are seven rank two flats of A. If X is such a flat then it corresponds to a 
set of the form {0;^, a^, + ctj). It follows that P(A)x.2 is spanned by the three 
elements 

Adding these three terms up gives and hence dimP(A)x,2 < 2. Since none of the 
tti are parallel, dimP(A)x.2 = 2. Because P(A)x,3 is spanned by a single nonzero 
element, dimP(A)x,3 — 1- 

The only rank 3 flat of A is the whole set E. The empty product spans P(A) e,i 
and so it has dimension one. One finds that P(A)£;^6 is the span of ai, . . . , ay, so 
this space has dimension equal to the dimension of V* ^ which is three. To compute 
P( A) E,^ C Sym^ iy*) , assume that a\ , a-i and as are a basis for Y* . By considering 
leading terms (under any term order) we see that 

Q!iQ!2, aiQfs, Q!2a3, Q!i (q!i + Q!2 ) , a2(a2 + a3), asCai + aa) 

forms a basis for Sym^iV*). In a similar fashion we see that P(A)£;.4 is equal to 
Sym'^(T^*), which has dimension 10. We resort to a computer to find the dimension 
of P(A)£;_3, which is spanned by 28 products. This space is contained in Sym'*(y*) 
which has dimension ('^'''4"^) = 15. One computes that dimP(A)£;_3 = 8. 

Adding all the terms up with the appropriate powers of a; — 1 and y, Theorem ll.il 
says that 

{x - if + 7{x - if + U{x - 1) + 7{x - l)y + y'^ + 3y^ + 6y^ + lOy + 8. 
is the Tutte polynomial of the Fano matroid. 

3. HiLBERT Series 
Recall that the polynomial algebra Sym(y*) has a grading 

0Sym'^(y*) 

d>0 
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and that a vector subspace P C Sym{V*) is said to be graded if it is equal to 
the direct sum of its homogeneous pieces P D Sym''(y*). The Hilbert series of P, 
Hilb(P, t), is the generating function 

^dim(PnSym'=(y*)) 

fe>0 

Denote the Tutte polynomial of M(A) by T{A;x,y). Since -P(A) is generated 
by products of linear forms it is a graded subspace of Sym(T^*). 

Corollary 3.1 (Wagner [ini Proposition 3.1]). We have, 

Hilb(P(A), i) = i"-'T(A; 1 + t, 1/t). 

The dimension of P{A) is the number of independent sets of the matroid Af(A). 

Proof. The first claim is found by setting x = \ + t and y = l/t in Thcorcm ll.il The 
second claim follows from the well-known Tutte polynomial evaluation of T(M; 2, 1) 
as the number of independent sets of the matroid M . □ 

A set C C E is called a circuit of M(A) if C is dependent but C—c is independent 
for all c e C. li I C E is independent, define e G i? = {1, 2, . . . , n} to be externally 
active in / if e is the smallest element of a circuit in lUe. Denote the set of elements 
externally active in / by ex(I). 

Corollary 3.2 (Ardila-Postnikov p4 Theorem 4.2.2]). The Hilbert series ofP{A)E, 
the subspace of P{A) spanned by those as with r[E — S) — £, is 

Hilb(P(A)B,i) = i""'r(A;l,lA). 

The dimension of dim P{A)x,k is the number of independent sets I o/M(A) with 
closure X such that \I U ex(I)\ = k. 

We will need the notion o 

Proof. Set X — 1 and y — l/t in Theorem 11.11 to obtain the Hilbert series. When 
X ~ E the second claim follows from the well known expression for the Tutte 
polynomial of a matroid M on an ordered set E as 

B a base of M 

Here in{B) is the set of elements of e £ P that are the smallest elements of a bond 
of P — (P — e); these are the internally active elements of P. 

In case X ^ E write Ax for the sequence obtained from A by deleting the 
with i ^ X. It follows that P(A)x,fc is isomorphic to P{Ax)x,k, the isomorphism 
being multiplication by aE-x- In this way we reduce to the case when X — E. □ 

A circuit C with its smallest element deleted is called a broken circuit. A set 
S d E is said to have no broken circuits, or be nbc, if it does not contain any broken 
circuits. This implies that S does not contain any circuit, and hence, is independent. 
In terms of external activity, / is nbc if it is independent and ex{I) = 0. 

Corollary 3.3 (Orhk-Terao flT, Theorem 4.3]). The Hilbert series of 

P(A)x,.(x) 

XG-L(A) 
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is the equal to t" ^T(A; 1 + t,0). The dimension of P{A)x^r{x) the number of 
nbc sets of M{A) with closure X. 

In the case that A is the collection of linear forms defining a complex hyperplane 
arrangement A, there is a natural isomorphism of graded vector spaces between this 
vector space and the complexified cohomology of the complement V — IJjker(ai). 
This map takes as-i to (a^^ A • • • A aij.)/^/, where I = {ii < ■ ■ ■ < ik}. 

Proof. Set X = 1 + l/t and y = in Theorem 1 1.1 1 to obtain the Hilbert series. The 
second claim follows from Corollary [321 since the dimension of P{A)x.r(x) is the 
number of bases I oi X with ea;(/) = 0. □ 

4. Algebras Generated by Recipricals of Linear Forms 

Let Sym(y*)(o) be the iiT-algebra of rational functions on V. Assume that ai ^ 
for all i. In this section we will investigate the if -algebra of non-constant rational 
functions without zeros whose poles are contained in the hyperplane arrangement 
Uis-E kera^. This was studied earlier by Brion and Vergne [S], and Terao |15 l. 

Let C(A) be the isT-algebra generated by the rational functions {1/ai : i G E}. 
Define the degree of 1/ai to be 1, so that C(A) is a graded algebra. If A e L{A), 
define C{A)x to be the space spanned by products (a^^ • • -a^")"-^ where the set 
{i : di > 0} C E has closure X in M(A). Let the degree k piece of C{A)x be 
C(A)x,k- Let mA be the sequence A repeated m times. For example, if A = (a, (3) 
then 

4A = (a, /?, a, /?, a, /?, a, /?). 

Since adding parallel elements does not change the span of a set, we can identify 
the fiats of mA with those of A. 

Proposition 4.1. For each k > I there is an isomorphism of vector spaces 

C{A)x,k ^ P{kA)x,k- 

Proof. The isomorphism is simply multiplication by (0:102 • • • On)'^- D 

Proposition 12.21 allows us to conclude the following result of Terao. 

Proposition 4.2 (Terao [TSl Proposition 2.1]). There is a K-vector space direct 
sum decomposition 

C(A)= CiA)x,k 

fe>0 

In [5], Brion and Vergne first studied C(A) and its subalgebra C{A)e. They 
viewed the latter as a module for the algebra d{V) of constant coefficient derivations 
on V. Assuming that ch.ai{K) = 0, one of their main results was that C{A)e is a 
free 9(y)-module. In [TS] Terao, using Brion and Vergne's result, derived a formula 
for the Hilbert series of C(A) in terms of the Poincare polynomial of A. The goal 
of this section is to derive Terao's formula with no assumption on the characteristic 
of the field K. 

Theorem 4.3 (Terao (TSl Theorem 1.2] if char(i4r) = 0). We have, 

Hilb(C(A),t)= (^^^ T(A;l/y,0). 
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To prove this we will need the the following easy result, which appears as 
Lemma 6.3.24 in [Hj. It allows us to determine the Tutte polynomial of mA in 
terms of the Tutte polynomial of A. 

Lemma 4.4. Let M be a matroid and m be a positive integer. IfmM is the matroid 
obtained from M by replacing every element of M by m parallel elements then 

Proof of Theorem \4-3\ For a flat X e -^^(A), let Ax be the sequence obtained from 
A by deleting those ai where i ^ X. By Proposition 14. II the dimension of C{A)x.k 
is the dimension of P(kA)x,k- Multiplication by {ue-x)'' gives rise to a i^T- vector 
space isomorphism 

P{kAx)x,k ^ P{kA)x.k 

and so it suffices to compute dim P{k Ax) x.k to flnd dimC(A)x.fe. 

If / is a polynomial in y then [y^]f is the coefficient of in /. By Theorem ll.il 
and Lemma 23] the dimension of P{kX)x.k can be written as 

[y'^-rix)^^T{kAx■, 1, y) (2/73^ j n^x: 1, y"") 

The second equality follows since the powers of y that appear in T{Ax', 1,^*^) are 
multiples of k. We know that T{Ax', 1, 0) is the number of nbc bases of X, that is, 
the number of nbc sets of M{A) with closure X, and it follows that 

Hilb(C(A)x,t) = |{nbcbasesof X}| f- ^ 
Summing over all flats X E L{A), 

Hilb(C(A),y) I {nbc bases of X}\ 

XeL{A) 

The second equality can be verified using, e.g., the Tutte polynomial interpretation 
in Corollary 13.31 □ 

5. Spanning Homogeneous Pieces of Symmetric Powers 

In this section we investigate the following problem: Given a sequence of linear 
forms A = (ai, . . . , a„) spanning the dual of a i^T- vector space determine those 
d such that every d-form on V can be written in the form 
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Phrased differently, determine those d such that Sym'^(T^*) C -P(A). The answer to 
this question is phrased in terms of the cociruits. Recall that collection of cocircuits 
of A is 

{E-H : H E L{A),r{H) =1-1}. 
It is possible to reconstruct the matroid M(A) from its collection of cocircuits. 

Theorem 5.1. There is a containment Sym'^{V*) C f'(A) if and only if d is less 
than or equal to the size of the smallest cocircuit of A. 

Example 5.2. For q a prime power, consider all of the [£]q {q^ — l)/{q — 1) 
hyperplanes in V = ¥^^. Let A be a sequence of linear forms, one defining each of 
these hyperplanes. It is a fact that every cocircuit of A has size — [£— 1]^ = q^~^. 
Theorem 15.11 states that P(A) contains Syni'^{V*) if and only if d < q^^^. 

In the case that q = 2 and £ = 3 then A is the collection from Example 12.31 
Using the Tutte polynomial calculation there, 

Hilb(P(A), i) = 1 + 3t + + lOt^ + 15t* + 14t^ + 7t^ + t\ 

For d < 2^^^ = 4 the coefficient of can be written as ('^^^^^)- For these d, 
P(A) n Sym'^{V*) and Sym''(y*) have equal dimensions, so they are equal. 

Proof of Theorem \5.1[ To start, we investigate the Hilbert series of P(A) and de- 
termine the first coefficient not of the form (^^j^^)- By Corollarv l3.1[ 

Hilb(P(A), <) = t"-^r (A; 1 + t, t-^) 

Rewrite this using the formula, 

nM;x,y)= y""x(M/X;(x-l)(y-l),0). 

Here x{M;X) is the characteristic polynomial of M, obtained from T(AI;x,y) by 
the rule x(M; A) = (-1)''(^^)T(1-A, 0). This formula can be found in the discussion 
of the coboundary polynomial in 6 . Doing the stated substitutions allows us to 
write 

Hilb(P(A),i) = -^ ^ i«-|x|(_l)^-mT(Af(A)/X;i,0) 

Denote the polynomial on the right by h{t). If h{t) is of the form 1 — ai^+^ + • • ■ , 
where a is nonzero and the ellipsis denotes higher degree terms, then 

m,MnA),..^|:r:->'-.((-^)-.)<-H-.. 

This is to say, P(A) contains Sym''(F*) for d < and P(A) does not contain all of 
Sym^+^(F*). To find the smallest power oit appearing in h{t) consider the smallest 
power of t appearing in each of its summands. li X ^ E then r(M (A) /X; t, 0) has 
no constant term and hence the smallest power of t in each summand is at least 
n — |X| + 1. The summand corresponding to X = is the constant polynomial 
1. Let Xq denote a flat of largest size which is not E. For any such flat M{A)/Xq 
is a rank one matroid with no loops. This implies that r(M(A)/Xo; t, 0) = t and 
hence 

/i(t) = l-at"-l-^"l+i + --- 
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where a is the number of flats of A with size \Xo\. To summarize: If d < 
\E — Xq\ then P{A) contains Sym''(V^*). Further, P{A) does not contain all of 
Syml^-^°l+i(y*). 

Suppose there was some d > \E — Xq\ + 1 such that P(A) contained Sym'^{V*). 
If ai, ... ,ai are a basis for V* then for all sequences (cr(l), . . . , a'{£)) such that 
a{l) + ■ ■ ■ + (7{£) =d, 

<«...af)eP(A) 
We will prove in Lemma 16.21 that this implies 

al^'^---af^ eP{A) 

for any r such that r(i) < a{i). It follows thalQ P(A) contains Sym'^ (Y*) for any 
d' < d. This cannot be, since we known that P{A) does not contain Sym'' (^*) 
when d' = \E - Xo\ + l< d. It follows that P(A) contains Syia-lV*) if and only if 
d < \E — Xo\. By definition, E — Xq is a cocircuit of smallest size, so the theorem 
follows. □ 

6. Deletion-Contraction Proof of Theorem II. II 
Define H{A;x,y) by the rule 

H{A;x,y)^ ^ dimP(A)x,fc. 

fe>0 

Here r(M(A)) is the rank of the matroid of AI (A), which is £. Theorem II .11 can be 
stated as 

HiA;x,y)^TiA;l + x,y). 

To prove this we will apply the following fundamental theorem on the Tutte poly- 
nomial (see |6lj Theorem 6.2.2]). 

Theorem 6.1. Let A4 be the class of isomorphism classes of matroids. There is a 
unique function, called the Tutte polynomial, T : Ai l\x,y\ which satisfies 

(a) The Tutte polynomial of the one element isthmus is x and that of the one 
element loop is y. 

(b) The Tutte polynomial is multiplicative in the sense that T{M ® A^) — 
T{M)T{N), where M (S N is the direct sum of matroids. 

(c) If M is a matroid on E and e € E is neither a loop nor an isthmus then 

T{M) = T{M - e) + T{M/e). 

Here M ^ e is deletion of e from M and M/e is contraction of M by e. 

To prove that i?(A; x, y) equals T(A; 1 + y) we need to check that it satisfies 
properties (a), (b) and (c) in Theorem 16. II 



If c\\3x(K) = it is easy to see this without the lemma. Indeed, P(A) is a module for 
d{V*), the /f-algebra of constant coefficient differential operators on V* . For 1 < i < ^, there 
is a unique differential operator on V* taking ai to 1 and . . . , a^} — K ■ ai to zero. Thus, 
if Q^^^' ■ ■ • is in P(A) then by applying these differential operators we get that an integer 

multiple of a^^^^ ■ ■ ■ is in P(mA) whenever T(i) < cr(i). 
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Verification of property (a). It must be checked that 

Hi{l};x,y) =T{{l};l + x,y) = l + x, 
Hm;x,y) ^T{{0};l + x,y)^y. 

This easy task is left to the reader. □ 

Verification of property (b). Suppose that 

A = (ai,...,a„), A' = (/3i,...,/5„) 

are sequences of hnear forms on two vector spaces V and W over K. Let A 
A' denote the concatenation of the sequences, (ai, . . . , a„, . . . , viewed as 
vectors vaV* ®W* . This agrees with the direct sum of matroids since the matroid 
of A © A' is the direct sum of the matroids of A and A'. Recah that there is a 
natural isomorphism of graded X-algebras, 

(2) Sym(V"* W*) « Sym(y*) ® Sym(iy*). 

The flats of A ® A' are in bijection with L(A) x L(A'). We claim that if X e L(A) 
and Y E L{A') then, as graded vector spaces, 

P(A © A')(XY) ~ P{A)x © P(A')y 

Indeed, the isomorphism ([2]) maps as © (3t to asPr which is in P(A © A')(^x,y)- 
Since every monomial defining P(A © A')(x,y) is of this form, we have the needed 
isomorphism. Lastly, since the rank of the flat corresponding to {X, Y) is sum of 
the ranks of X and Y and the isomorphism ([2|) is of graded algebras, 

HiA © A'; x, y) - H{A- x, y)H{A'- x,y). □ 

To set up our verification of property (c), note that for any linear form a G V* 
there is a complex of graded vector spaces 

(3) Sym(y*) ^ Sym(y*) ^ Sym(ker(a)) ^ 0. 

The second map is induced by restricting linear forms on V to ker(Q;). When a ^ 
this complex is exact by definition. Let A — be obtained from A by deleting the 
element in the z-th position and A/ui be the restriction of the forms in A — to 
ker(Q;*). These definitions are made in such a way that they coincide with deletion 
and contraction of matroids: 

M(A - at) = Af (A) - i, M{A/ai) = M/i 

where Af(A),M(A — ai) and M{A/ai) denote, respectively, the matroids of A, 
A — Q!j and Ajai. 

For any a^, the complex fS]) is seen to restrict to the complex 

(4) ^ P(A - ai) -A' P(A) ^ P(A/a,) ^ 0. 

Lemma 6.2. If i EE is neither a loop nor an isthmus of M{A) then this complex 
is exact. 

The assumption that i is not an isthmus is strictly for technical reasons: We 
need to have that A — ai spans V* , which will not happen if i is an isthmus. 
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Proof. The existence of the complex guarantees that 

dimP(A) > dimP(A-a,) + dimP{A/ai). 

We may assume, by mduction, that if A' has fewer elements than A then dim P( A') 
is the number of independent sets of the matroid Af(A'). It follows, from our in- 
duction hypothesis, that dimP(A) is at least the sum of the number of independent 
subsets of M{A — ai) and M{A/ai). This is the number of independent sets of 
M(A), so we need only show that P(A) is spanned by this many elements to 
conclude exactness. 

We claim that the elements {pE-{iuex{i)) '■ I is independent in A/(A)} span 
P(A), where ex{I) is the set of elements which are externally active in / (c/. Sec- 
tion [3]). The proof of the claim is by what Las Vergnas and Forge call lexicographic 
compression and variants of this proof abound (see e.g., Ardila's thesis 1\ a nearly 
identical claim. This claim also appears in [2].). Let S be the lexicographically 
least subset of E such that aE-s is not in the span of these elements. We can 
uniquely write S = IL)J where J C ex{I). To see this we take / C S* to be the lex- 
icographically largest independent set spanning S, and J to be the complement of 
/ in S. One immediately sees that J C ex{I). We will be done if we can show that 
J ~ ex{I). Suppose, on the contrary, that / G ex(I) — J and write a/ = X^es/ ^eO^e- 
We have ue-s — (^E-(svjf)^f ^-^d hence 

O-E-S = ^ Cea£;„(7uJU/)ae = ^ '^eOLE-{{l-e)U(J^S)) 
ee/ 66/ 

Since aE-s is not in the span of {pE-{i\jfix(i)) ■ I G ^^(Af (A))} we know there is 
some element on the right which is not in the span of these elements. For each 
e £ / we see that (/ — e) U ( J U /) is lexicographically smaller than / U J, which is 
a contradiction. □ 

Remark 6.3. The lemma proves Corollarv 13.21 by exhibiting a basis for P(A)x,fe 
with the cardinality stated there. 

There are two ways to proceed from here. The first is to use the combinatorial 
basis just constructed to verify that the deletion-contraction recurrence holds. The 
second is show that the exact sequence above can be refined to consider a flat and 
a degree. In the linear- algebraic spirit of this paper, we take the latter route. 

Verification of property (c). Assume that i ^ E is neither a loop nor an isthmus 
of M(A), that is, r{i) = 1 and r{E ~ i) ^ r{E). Recall (see [T71 Chapter 7]) that 
the flats of the deletion A — are in bijection with the flats of X of A such that 
r{X — i) = r{X). Also, the flats of A/a^ are bijection with the flats of A containing 
i. We wish to reflne the exact sequence dU to consider a flat X of A and a degree. 
To do this, consider three cases depending on whether or not i G X, and if « G X, 
then whether i is an isthmus of X. 

First suppose that i ^ X. It follows that X is a flat of A — a^. The complex ^ 
restricts to the exact complex 

(5) ^ P(A - ai)xM P(A)x,fe^O. 

Every product as G P{A)x,k is of the form as where i G S, hence as-i lies in 
P(A — ai)x,k and the map is surjective. Since the map is the restriction of an 
injection it is an isomorphism. 
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Suppose that i ^ X and i is not an isthmus oi X. In this case X — i is a, flat of 
both A — and A/ofi and we claim that @ restricts to the exact complex 

(6) ^ P(A - ar)x-;,k PiA)x.k ^ P{A/a^)x-r^k-i ^ 0. 

To see this we pick some as G P(A — ai)x-i,k and see that asui is in P{A)x,k- 
This is because {E - i) - S = E - {S U i) has closure X in M(A). If the closure 
were the smaller set X — i, then i would be have been an isthmus of the flat X. The 
map on the left in Q is the restriction of an injection, hence we have exactness on 
the left. 

If as e P{A)x,k and i ^ S then the closure in M{A/a^) of (E - i) ~ S is 
X ~ i. The degree of as is unchanged under ai hence P{A)x,k has image in 
P{A/ai)x-i.k-i- That every monomial spanning P{A/ai)x-i,k-i is in the image 
of P{A)x.k follows from the definition of A/ai as the restriction of the elements of 
A — to ker(ai). The exactness on the right of (O follows. 

We now prove exactness in the middle of ([6]). If an element of P{A)x,k restricts 
to zero on ker(ai) then, by Lemma 16.21 it can be written as times some linear 
combination ^ csas where as S P{A — a^). For these S we have a^as G P(A)x,fc 
and, since i was not an isthmus of X, we have as is in P(A — ai)x-i,k- 

In the case that i ^ X and i is an isthmus of X it follows that (jH) restricts to 
the exact complex 

(7) ^ P(A)x,fc ^ P{A/a,)x-^,k-l ^ 0. 

The surjectivity here is clear. If an element is in the kernel of this map we may, as 
before, write it as a linear combination of terms aias € P{A)x,k- It follows that 
E — {S Ui) has closure X in M(A), which cannot be since i ^ E — {S Ui) and i is 
in every base of X. We conclude that the kernel is zero and ([7]) is exact. 

Finally, we can verify the deletion-contraction recurrence. To do so, break up 
the defining sum for H{A;x,y) according to the three cases we just considered. 
Let Li C P(A) be of the set of flats of A not containing i, L2 C P(A) be the set 
of flats containing i as an isthmus, and let L3 C P(A) be the remaining flats. If 
cr{X) denotes r(M(A)) — r{X), the corank of X, we see that the exact complexes 
dS]) , dni) and d?]) imply that we can write 

H{A;x,y)^ J2 x^^^''^y''-'^^''UimP{A - a,)x-^,k 

X£LiUL3,k 

+ ^''■'''^/"'■'''^dimP(A/a,)x_,,fe_i. 

XeL2UL3,k 

The first sum is ([5]) and the left of ([7]), while the second sum is ([6]) and the right 
of (l7|). We claim that the first sum here is H{A — ai) and the second is H{A/ai). 
Since the flats of A — are in bijection with {X ~ i : X € Li \J L3} and the flats 
of A/ai are in bijection with {X — i : X G L2 U L3}, we only need to check that 
the exponents of x and y in each sum are correct. If X G Li U L3, then the rank of 
X -iin the matroid M(A - ai) is equal to the rank of X in M(A). If X G L2 U L3 
then the rank of X — i in M{A/ai) is one less than its rank in M(A). It follows 
that the exponents of x and y are correct and so 

H{A; X, y) = H{A - a,; x, y) + H{A/a,- x, y), 



which is what we wanted to show. 
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7. A Second Proof of Theorem 11.11 

It has been observed by an anonymous referee that Theorem 1 1 . 1 1 may be proved 
directly from Ardila and Postnikov's result in CoroUarv 13.21 This is the case, and 
in this section we give this proof. Note that the proof of Corollary 13.21 in [T] is 
characteristic independent, but the proof in [2 is not. 

Recall that CoroUarv 13. 21 states, among other things, that 

dimP(A)xfc 

is the number of independent sets / of M(A) with closure X such that |/Uea;(/)| = 
k. 

Also, the Tutte polynomial of an arbitrary matroid M can be written as 



r(M;a;,y) = ^xl™(^%l 



ex{B) 



the sum over bases B of M . Here in{B) is the set elements that are internally 
active in B and ex{B) is the set of elements that are externally active in B. Recall 
that e e -B is internally active in i? if e is the smallest element of a bond of 
D C E — {B — e), i.e., e is the smallest element / of a (necessarily unique) set 
D <Z E — [B — e) that is minimal with the property that 

r{E - D) < r{E). 

It follows from that we may write 

j.\I\,iex(B) 

B I(Zin(B) 

We now need a combinatorial result of Crapo. 



Lemma 7.1 (Crapo [8, Lemmas 6,8,9]). Let M he an arbitrary matroid on an 
ordered set E. Every subset S <Z E can be written uniquely asS = B — lUJ where 
I C in{I) and J C ex{B). 

Further, if I d in{B) then ex{B — I) = ex{B). 

It follows that given an independent set /, we may write this set uniquely as 
I = B — where /q C in(B). From this, we may write the Tutte polynomial as 

T{M;l + x,y)^J2 E x^^-^^'^^^-^^^ 

B Icin(B) 
= ^j.r{M)-T{I)y\ex{I)\ 

I 

the second sum over all independent sets / of M . From this it follows at once that 

{/ independent, 
I CLE: cl{I) = X, 
\I U ex{I)\ = k. 

fc>U 



Theorem 11.11 now follows from this expression for T{M; 1 + x,y) and Corollarv l3.2l 

12 



8. Acknowledgements 



The author thanks Victor Reiner for many helpful conversations and suggesting 
the problem considered in Section [5] Thanks to Hiroaki Terao for prompting me 
to go back to his paper T5] , and several anonymous referees for their many helpful 
suggestions. The author was partially supported through NSF grant DMS 0601010. 

References 

[1] Federico Ardila. Enumerative and algebraic aspects of matroids and hyperplane arrange- 
ments. PhD thesis, Massachusetts Institute of Technology, February 2003. 

[2] Federico Ardila and Alexander Postnikov. Combinatorics and geometry of power ideals. To 
appear in Trans. Amer. Math. Soc, 2010. 

[3] Andrew Berget. A short proof of Gamas's theorem. Linear Algebra AppL, 430(2-3):791— 794, 
2009. 

[4] Anders Bjorner. The homology and shellability of matroids and geometric lattices. In Matroid 
applications, volume 40 of Encyclopedia Math. AppL, pages 226-283. Cambridge Univ. Press, 
Cambridge, 1992. 

[5] Michel Brion and Michele Vergne. Arrangement of hyperplanes. I. Rational functions and 
Jeffrey-Kirwan residue. Ann. Sci. Ecole Norm. Sup. (4), 32(5):715-741, 1999. 

[6] Thomas Brylawski and James Oxley. The Tutte polynomial and its applications. In Matroid 
applications, volume 40 of Encyclopedia Math. AppL, pages 123-225. Cambridge Univ. Press, 
Cambridge, 1992. 

[7] Raul Cordovil. A commutative algebra for oriented matroids. Discrete Comput. Geom., 

27(l);73-84, 2002. Geometric combinatorics (San Francisco, CA/Davis, CA, 2000). 
[8] Henry H. Crapo. The Tutte polynomial. Aequationes Math., 3:211-229, 1969. 
[9] Henry Crapo and William Schmitt. The Whitney algebra of a matroid. J. Combin. Theory 
Ser. A, 91(l-2):215-263, 2000. In memory of Gian-Carlo Rota. 
[10] Corrado De Concini and Claudio Procesi. Hyperplane arrangements and box splines. Michi- 
gan Math. J.., 57:1-26, 2008. With an appendix by Anders Bjorner. 
[11] David Forge and Michel Las Vergnas. Orlik-Solomon type algebras. European J. Combin., 

22(5):699-704, 2001. Combinatorial geometries (Luminy, 1999). 
[12] Peter Orlik and Hiroaki Terao. Commutative algebras for arrangements. Nagoya Math. J., 
134:65-73, 1994. 

[13] Nicholas Proudfoot and David Speyer. A broken circuit ring. Beitrdge Algebra Geom., 
47(1):161-166, 2006. 

[14] Hal Schenck and Stefan Tohaneanu. Orlik- Terao algebra and 2-formality. arXiv : 0901 . 0253, 
2009. 

[15] Hiroaki Terao. Algebras generated by reciprocals of linear forms. J. Algebra, 250(2):549— 558, 
2002. 

[16] David G. Wagner. Algebras related to matroids represented in characteristic zero. European 

J. Combin., 20(7):701-711, 1999. 
[17] Neil White, editor. Theory of matroids, volume 26 of Encyclopedia of Mathematics and its 

Applications. Cambridge University Press, Cambridge, 1986. 
[18] Neil White, editor. Matroid applications, volume 40 of Encyclopedia of Mathematics and its 

Applications. Cambridge University Press, Cambridge, 1992. 

Department of Mathematics, One Shields Avenue, University of California, Davis, 
CA 95616 

E-mail address: berget@math.ucdavis.edu 



13 



